Abstract. We prove that all pure submodules of a finite rank torsion-free module A over a Dedekind domain are A-generated if and only if A has a rank 1 direct summand B such that type(B) is the inner type of A.
of Q
n . If A is a finite rank torsion-free R-module, we denote by End(A) the endomorphism ring of A. The ring Q End(A) = Q ⊗ End(A) is the ring of quasiendomorphisms of A. This is an artinian Q-algebra, its Jacobson radical J is nilpotent and J = Q ⊗ N (cf. [5, Proposition 9 .1]), where N is the nil-radical of End(A). We recall that Q End(A) determines the quasi-decompositions of A, i.e. the decompositions of A in the additive category QT F whose objects are finite rank torsion-free R-modules, and Hom QT F (A, B) = Q ⊗ Hom(A, B). The homomorphisms in QT F are called quasi-homomorphisms. A quasi-homomorphism between A and B can be identified with a Q-linear map f between the injective envelopes QA and QB of A and B with the property that there exists a r ∈ R * such that rf (A) ⊆ B. In this context it is useful to remind that two R-modules A and C are quasi-equal if QA = QC and there exist r, s ∈ R * such that rC ≤ A and sA ≤ C.
A decomposition of a finite rank torsion-free R-module A as a direct sum B ⊕ C in the category QT F is called a quasi-decomposition. This means that the Rmodule B ⊕ C is isomorphic to a submodule of QA which is quasi-equal with A. Since the multiplication by r ∈ R * is an isomorphism in QT F , it follows that we can identify the quasi-decompositions of a finite rank torsion-free R-module A with the direct decompositions of the those submodules of A which are quasi-equal to A. An R-module which is indecomposable in QT F is called strongly indecomposable.
Since the quasi-endomorphism rings of finite rank torsion-free R-modules are finite dimensional Q-algebras, an R module A is strongly-indecomposable if and only if its quasi-endomorphism ring is local. Therefore, an endomorphism of a stronglyindecomposable R-module is either nilpotent or a quasi-isomorphism. It follows that the category QT F is a Krull-Schmidt category, i.e. the quasi-decompositions into direct sums of strongly indecomposable R-modules are unique up to quasiisomorphism.
We recall that torsion-free R-modules of rank 1 can be identified, up to an isomorphism, with submodules of Q. The type of a torsion-free R-module B of rank 1 is the quasi-isomorphism class of B. We recall that two submodules A and B of Q have the same type if and only if there exists a fractional ideal I such that A = IB (hence A is B-generated). Let us point out that in the case of abelian groups two rank 1 torsion-free abelian groups of the same type are isomorphic, and in this case the types can be described via various numerical invariants. We refer to [5] and [9] for the classification theory of torsion-free groups of rank 1. We recall from [13] that every finite rank torsion free group A has a direct decomposition A = B ⊕ C, where B = 0 or B is a direct sum of torsion-free groups of rank 1, and C is a torsion-free group which has no direct summands of rank 1. Moreover, C is unique up to a near-isomorphism.
Let A be a torsion-free R-module of finite rank. If X ⊆ A, we will denote by X ⋆ the pure submodule generated by X. If a ∈ A is non-zero then the type of a is defined as type(a) = type( a ⋆ ). If x 1 , . . . , x n is a maximal independent system of A then the inner type of A is computed as
Let us recall that IT(A) is independent of the choice of the maximal independent system x 1 , . . . , x n , and for every a ∈ A we have IT(A) ≤ type(a) (in fact IT(A) is the greatest lower bound of the types of all non-zero elements of A).
We recall some basic properties of finite rank torsion-free modules over Dedekind domains. The next lemma is proved in [11, Proposition 4.3] . For reader's convenience we present a short outline of the proof. Lemma 1. Let B be a rank 1 torsion-free R-module. A torsion-free R-module finite rank A is B-generated if and only if type(B) ≤ IT(A).
Proof. It is enough to prove that for every non-zero element a ∈ A the rank 1 pure-submodule C = a s tar is B-generated. The module C is B-generated if and only if the natural map
is an epimorphism. We note that Hom(B, C) = 0 since type(B) ≤ type(C). Since R is Dedekind, all prime ideals are maximal, hence ϕ is an epimorphism if and only if for all prime ideals p the localisation ϕ p is an epimorphism.
Let p be a prime ideal. We can suppose that B ≤ C ≤ Q, hence for every prime ideal p there exists
It is easy to see that ϕ p is an epimorphism.
The following result is known as Baer's Lemma. Proof. Let C ⋆ be the pure submodule generated by C. Then A/C ⋆ is quasiisomorphic to B, and it follows that the exact sequence 0 → C ⋆ → A → A/C ⋆ → 0 verifies the hypotheses of Lemma 2. Then C ⋆ is a direct summand of A and a complement of C ⋆ is quasi-isomorphic to B. For all quasi-isomorphism classes associated to the R-modules A 1 , . . . , A ℓ we fix representatives B u ∈ {A 1 , . . . , A ℓ } with u = 1, . . . , n for some appropriate n.
Let a ∈ A be a non-zero element. Since A is a self-pure-generator, there exists an endomorphism f : A → A with f (A) ⊆ a ⋆ . Then there exists i ∈ {1, . . . , ℓ} such that f (A i ) = 0. Since A i is quasi-isomorphic to some B u , it follows that B u is isomorphic to an essential submodule of A i , hence Hom(B u , a ⋆ ) = 0. Therefore, for every non-zero element a ∈ A there exists u ∈ {1, . . . , n} such that Hom(B u , a ⋆ ) = 0.
We start with a non-zero element a = a 0 ∈ A. Then there exists u 1 ∈ {1, . . . , n} and a non-zero homomorphism f 1 : B u1 → a ⋆ . We fix an element a 1 ∈ B u1 such that f 1 (a 1 ) = 0. Therefore, we can construct inductively a sequence a 0 , a 1 , . . . , a k , . . . of elements in A with the following properties: i) for every k ≥ 1 there exists u k ∈ {1, . . . , n} with a k ∈ B u k , and ii) there exists a homomorphism f k : B u k → a k−1 ⋆ such that f k (a k ) = 0. We extend all homomorphisms f k to endomorphisms
Note that all homomorphisms f k can be viewed as quasi-endomorphisms of A, i.e. as endomorphisms of the Q vector space QA. In this context, it follows that for every k ≥ 1 there exists a non-zero element
Since the Jacobson radical of the quasi-endomorphism ring of A is nilpotent, it follows that there exists k ∈ N such that f k is not in the Jacobson radical of Q End(A). Using the proof of [5, Theorem 9.10] (see also the proof of [4, Theorem 3.2]), it follows that B u k = B u k+1 , and f k / ∈ N (End(B u k )). Since B u k is strongly indecomposable, it follows that f k is a quasi-isomorphism. But the image of f k is of rank 1, and it follows that B u k is of rank 1.
We proved that for every non-zero element a ∈ A there exists a quasi-direct summand B u of rank 1, and a non-zero homomorphism f : B u → a ⋆ .
Because A has quasi-direct summands of rank 1, we can suppose for the quasidecomposition A 1 ⊕ · · · ⊕ A ℓ of A that there exists p ∈ {1, . . . , ℓ} such that A i are of rank 1 for all i ∈ {1, . . . , p}, and for all i / ∈ {1, . . . , p} the R-modules A i are of rank at least 2. Since the quasi-direct decomposition A 1 ⊕ · · · ⊕ A ℓ of A is unique up to quasi-isomorphism, and the types of rank 1 torsion-free R-modules are invariant with respect to quasi-isomorphisms, it follows that for every a ∈ A there exists i ∈ {1, . . . , p} such that type(A i ) ≤ type( a ⋆ ).
For every i ∈ {1, . . . , p} we fix a non-zero element a i ∈ A i . Then there exists a quasi-direct summand B of rank 1 and a non-zero homomorphism B → a 1 + · · · + a p ⋆ . Since type( a 1 + · · · + a p ⋆ ) ≤ type(A i ) for all i ∈ {1, . . . , p}, it follows that there exists a quasi-direct summand B of A such that for all a ∈ A we have type(B) ≤ type( a ⋆ ), hence type(B) ≤ IT(A). Proof. (a)⇒(b) Since IT(A) = IT(A n ) for all n, we can apply Theorem 4 to obtain the conclusion.
The implication (b)⇒(c) is obvious.
(c)⇒(a) Using Theorem 4 we observe that A n has a rank 1 quasi-direct summand B such that type(B) ≤ IT(A n ) = IT(A). If we consider a quasi-decomposition of A into a direct sum of strongly indecomposable R-modules, it induces a quasidecomposition of A n into a direct sum of strongly indecomposable R-modules. Since these quasi-decompositions are unique up to quasi-isomorphisms, it follows that B is quasi-isomorphic to a quasi direct summand of A, and the proof is complete.
